Let G be a finite group and let C be a subgroup of G. We prove that in order to get information on the set of primes dividing the index |G : C | of C in G it is enough to look at the primes dividing |H : C ∩ H|, where H is a suitable subgroup of G with few generators.
Introduction
In a recent paper, Camina, Shumyatsky and Sica proved the following theorem: let x be an element of a finite group G and let Ind G (x) be the index in G of the centralizer C G (x) of x in G; if Ind a,b,x (x) is a prime-power for every a, b ∈ G, then Ind G (x) is a prime-power [2] . The above theorem can be restated as follows: let x be an element of a finite group G and let C = C G (x); if there is more than one prime dividing |G : C |, then there exist a, b ∈ G such that | a, b, x : C ∩ a, b, x | is divisible by more than one prime.
In this paper we aim at generalizing this result. If we want to consider any subgroup C of G, instead of limiting ourselves to centralizers of elements, it is more natural to look at |H : C ∩ H| ✩ The authors were partially supported by MIUR (Project "Teoria dei Gruppi e applicazioni").
where H is a subgroup with "few" generators. If n is a positive integer we denote by π(n) the set of primes dividing n. Our result is the following. When X is the identity subgroup we obtain the type of result we were originally aiming at. In order to deal with the case of prime-power index we need a stronger conclusion than that of Theorem A. This imply the result in [2] when C = C G (x) and X = {x}.
Theorem D. Let G be a finite group and let X, C be two subgroups of G such that X C . If |π (|G :
We conjecture that Theorem A can be improved, because just 2 suitable generators could be enough in order to reach the conclusion, instead of 3, but proving this would need good estimates on the probability of generating 2-generated almost simple groups with 2 elements, and these results are not available at the moment. On the other hand, just one suitable generator is not enough to reach the conclusion of Theorem A, as the example of G = S 3 shows, when taking X = C = 1.
The following two propositions support this conjecture and give partial answers, in the case of soluble groups and in the case when no "small" prime divides |G : C |.
Theorem E. Let G be a finite soluble group and let X, C be two subgroups of G such that X C . Then there
Theorem F. Let G be a finite group and let X, C be two subgroups of G such that X C . Then there exists an absolute constantc with the following property: if Q is the set of primes which are bigger thanc, then there
Background material
In what follows d(G) denotes the minimal number of generators of the group G and if X is a sub-
with the property that G = X, g 1 , . . . , g d . If p is a prime, |G| p denotes the order of a Sylow psubgroup of G and if x is an element of G then we will write |x| p instead of | x | p . Moreover, Aut G is the automorphism group of G and we recall that the socle Soc(G) of G is the subgroup generated by all minimal normal subgroups of G.
Throughout the paper, we will often have to consider a quotient group G/N of a group G. For the sake of brevity, if g (resp. U ) is an element (resp. subgroup) of G, thenx (resp.Ū ) will denote the image of x (resp. U ) in G/N.
Let L be a primitive monolithic group, that is a group with a unique minimal normal subgroup A such that if A is abelian, then it has a complement in L. For each positive integer k we let L k be the
Crown-based powers arise naturally when studying finite groups that need more generators than any proper quotient, and they are a main tool also in the study of d X (G). The following theorem is a straightforward consequence of Proposition 12, Theorem 20 and Corollary 21 of [6] . 
In the setting of Theorem 1, we are interested in bounding d X (G) We will first study the case when the socle A of the monolithic group L is non-abelian. The following lemma is a sharpening of Lemma 1 of [3] . The proof is very technical and follows the same lines as the proof of Theorem 1.1 in [7] but at each step we take care of lifting generators in as many ways as we can.
Lemma 2. Let L be a monolithic primitive group whose socle A is isomorphic to S n for some non-abelian simple group S and some natural number n. Moreover, let X be a subset of L. Then there exists an almost simple group S H Aut S which is isomorphic to a section of L, can be generated by 2 elements and satisfies
Proof. The hypothesis that A ∼ = S n is the unique minimal normal subgroup of L implies that we may identify L with a subgroup of Aut(S n ) = Aut S Sym(n), the wreath product of Aut S with the symmetric group of degree n. So the elements of L are of the kind (2) ways. So from now on u 3 , . . . , u s ∈ A will be fixed, and we will say for shortness that the 2n-tuple (
In [7] it is proved that there exists a prime r which divides |S| and has the following property: for every α ∈ Aut S we can find an element β ∈ S such that αβ = 1 and |α| r = |αβ| r . So we can define a quasi-ordering relation on the set of the cyclic permutations which belong to the group Sym(n). Let σ 1 , σ 2 ∈ Sym(n) be two cyclic permutations (including cycles of length 1); we define σ 1 σ 2 if either
as product of disjoint cycles (including possible cycles of length 1), in such a way that: = (x 1 , . . . , x n , y 1 , . . . , y m ) ∈ S 2n , and we modify the elements x i and y j for i ∈ Ω 1 and for j ∈ Ω * 2 ∪ Ω 3 in as many ways as we can in order to obtain a good 2n-tuple. First we choose x m and y m in such a way that condition (1) is satisfied; there are Φ H,S (2) choices.
Now we fix i such that 2 i s(ρ). The main lemma of [7] guarantees the existence of 
This is true for every i such that 2 i s(ρ)
, and the same argument can be used also when 2 j q. We will do so for all 2 j q such that n j,1 ∈ Ω * 2 . So the number of choices for this step is at least 5
If |ρ 1 | = 1 then Ω 3 = ∅ and q = q * = 1, so the total number of choices is at least So it suffices to prove that
Note that
We will study separately the two functions f (x) and g(x).
Since |ρ 1 | = 
Note that |ρ 1 | n − 2, because ρ is not a cycle and has no fixed points, so γ |ρ 1 |/2 n/2 − 1. As
is also a decreasing function we have
It follows that 
(
ii) There exists an absolute constantc such that if the maximum of the set π(|A|) is bigger thanc then
} be an integer. It follows from Proposition 16, formulas (3.2) and Lemma 18 of [6] 
In order to prove the first part of the lemma note that 
Let m S be the maximum of the set π(|S|) = π(|A|). Note that when m S tends to infinity then |S| tends to infinity as well, so there exists an absolute constantc, independent on S, with the following property: for any non-abelian simple group S such that m S c we have β(log 2 |S|)
In order to deal with the case when the socle of L is abelian we will need Theorem A of [1] . In the following, if G is a finite group and V is a G-module, then H 1 (G, V ) denotes the first cohomology group of G on V . Note that there is a bijection between H 1 (G, V ) and the set of conjugacy classes of complements of V in the semidirect product V G. Finally, we will need the following fact.
Theorem 4. Let p be a prime. If G is a finite group and V is a faithful irreducible G-module over the field with
p elements, then |H 1 (G, V )| < |V |. The following lemma bounds d Y (L) for a primitive monolithic group L.
Lemma 5. Let L be a monolithic primitive group with socle A and let
Lemma 6. Let S be a finite non-abelian simple group. Then both S and S × S are 2-generated.
Proof. The first statement is a well-known consequence of the classification of finite simple groups (see for example [1, Theorem B] 
Proofs of the theorems
We will describe a key step of our proof in the following lemma. Proof. Let N be the kernel of ϕ, so thatḠ = G/N is isomorphic to L t . We will identifyḠ and ϕ(G) = L t in the obvious way. LetK = diag(L) if A is non-abelian, and letK = diag(T ) if A is abelian.
It follows from our hypotheses that X K .
We will define two subsets P and P * of Q. 
